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Abstract 

The exceptional configuration of the minimal resolution Sq of a Kleinian quotient surface 
Sa{:= C^/C?) is depicted by a A-D-E Coxeter-Dynkin diagram. In this article, we show that 
branching indices of the affine A-D-E diagram is geometrically characterized by a certain special 
function F of Sg as the multiplicities of its divisor components in Sq, a version parallel to the 
elliptic fibration near certain types of simple singular fibers in Kodaira's elliptic surface theory. 
We further obtain the uniqueness property of the function F (modular local units) among all 
local functions in Sg near the singular point whose divisors in Sg display the affine A-D-E 
diagram configuration. 
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1 Introduction 



In his study of the general theory of ehiptic surfaces, K. Kodaira obtained the complete structure 
of singular fibers over a non-singular curve [7]. In the list of all singular fiber structures, there are 
eight simple types, labeled by If,,I^, II, II*, 111,111*, IV, IV*. Among which, the types I5 (6 > 2), 
1^,11*, III*, IV*, are special in that the irreducible components of the singular fiber are all ( — 2)-P^ 
curves with normal crossing. Furthermore, the fibration structure of the smooth surface near a 
such singular fiber can be represented by a marked graph, consisting of lines attached with some 
positive integers, to describe the singular fiber-divisor in the surface. The structure can equally be 
represented by its dual graph with a branching index attached to each node. The resulting dual 
graphs are the affine A-D-E Coxeter-Dynkin diagrams, described by the following correspondence^: 



Kodaira singular elliptic fiber type 

Ir+l 

n 

IV* 

III* 
ir 



Affine Coxeter — Dynkin diagram 

Ar (r > 1) , 
Di+b (& > 0) , 



(1) 



where the affine A-D-E diagrams are depicted graphically as follows: 

1 

(r > 1) 



(r > 4) 




2 

-o- 



3 

-o- 



4 

-o- 



(}2 
4 



Eq 



E7 



Es 



In the above diagrams, the o's denote fundamental roots in a Coxeter-Dynkin diagram, © = —9 (the 
negative of maximal root), and the integer close to a node indicates the corresponding branching 
coefficient. Note that the total sum of roots with branching coefficients is equal to zero. 

On the other hand, in his work on the invariant theory of regular solids in around 1872, 
F. Klein obtained the structure of surface singularities of the quotient space Sq {'■= C^/G) for a 

^In this correspondence, the irreducible component Go of the singular fiber in [7] corresponds to —0 of the affine 
Coxeter-Dynkin diagram. 



2 



finite non-trivial subgroup G of SL2(C) [6]. The orbifold Sq can be realized as a hypersurface in 
with the isolated singularity at the origin, denoted by o throughout the paper. It is known that 
the minimal resolution of Sq, 

TT : Sg^Sg, (2) 

has the trivial canonical bundle, and the exceptional configuration 7r~^(o) is represented by the 
A-D-E Coxeter-Dynkin diagram [1, 3, 9, 10]. The classification of Kleinian singularities is given 
by the following table: 



Type 


Group G 


\G\ 


Degree of Invariants 


Relation of Invariants 




Cyclic 


r + 1 


2,r + l,r + 1 


Xr+l _ YZ 


Dr 


Binary Dihedral 


4(r - 2) 


4,2(r-2),2(r-l) 


x^-i - + ^2 


Eq 


Binary Tetrahedral 


24 


6, 8, 12 


X4 + y3 + Z2 


El 


Binary Octahedral 


48 


8, 12, 18 




Eg 


Binary Icosahedral 


120 


12, 20, 30 





Table 1: Classification of Kleinian Singularities 

where X, Y, Z are G-invariant homogenous polynomials in the coordinates of with the degrees 
indicated respectively by those in the above table. The hypersurface structure of Sg in is defined 
as zeros of the invariants' relation. The configuration of exceptional divisors in 7r~^(o) C Sg can 
be realized by its dual graph, which is a A-D-E diagram, i.e. the one obtained by the affine 
Coxeter-Dynkin diagram by omitting © and branching indices. The A-D-E geometrical nature 
of Sg in connection with the representation theory of G was displayed in [5] through the McKay 
correspondence [11], in which a remarkable observation was discovered by J. McKay about a natural 
dual-pairing between conjugacy classes and irreducible representations of a Klein group in accord 
with its affine Coxeter-Dynkin diagram, where the branching indices stand a simple dimensionality- 
explanation of representation spaces. Nevertheless, what still remains unclear is the geometrical 
interpretation in the McKay correspondence about branching indices of the affine Coxeter-Dynkin 
diagram. By Kodaira's elliptic surface theory and the correspondence (1), the elliptic projection 
should in principle provide a local analytic function of Sg near the singular point o such that its 
divisor in Sg via the morphism (2) produces pictorially the affine Coxeter-Dynkin diagram. By 
which, the existence of a local function of Sg near o with the affine A-D-E diagram property for 
its divisor in Sg has been a well-known fact since 1960's through the Kodaira's theory on elliptic 
surfaces^. However the explicit form of such function(s) in terms of invariants in Table 1 remains 
to be discovered. It is the objective of this paper to show that one can indeed determine all those 
functions through orbifold geometry of Kleinian quotient singularities. We shall provide the explicit 
quantitative answer to questions about functions of Sg with the affine A-D-E diagram property by 
using methods in toric geometry and group representation theory. The main results of this article 
are stated in the following two theorems. 



^In the surface- singularity theory, there has been an extensive study with progresses made on (isolated) rational 
singularities, and the multiplicity 2 case is the class of Kleinian singularities in this article. The "fundamental cycle" 
in the minimal resolution of a rational singularity [2] plays the role of the affine A-D-E diagrams, but without the 
data ®, associated to Kleinian singularities. The structure of fundamental cycles for rational singularities and related 
topics has been known since 1970's (see, e.g., [14] and references therein). 
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Theorem 1 Let X,Y, Z be the invariants in Table 1. We define the following function F of Sq, 



X + cY (c G C \ {0, ±1}) for G = D4; 
X + cY (c G C \ {0}) for G = {r > 5) . 

Then the divisor div(7r*F) in So defined by 7r*F = near the exceptional set is described by its 
corresponding affine A-D-E Coxeter-Dynkin diagram (with branching indices). Furthermore, the 
© in the diagram represents the open affine curve which is the proper transform of {F = 0) in Sq- 

Among the A-iype groups, Ai is special in that the basic invariants X, Y, Z are all of degree two. 
One can achieve the same expression of invariants' relation for Ai in Table 1 by some suitable 
linear changes of variables in X, Y, Z, then the curve corresponding to © varies accordingly. Thus, 
for the problem of determining all local functions in So near o whose divisors in So display the 
affine A-D-E diagram property, we shall exclude the Ai case, of which one can easily work out the 
solution. 

Theorem 2 For G ^ Ai, let F be the function defined in Theorem 1 . Then F is the unique local 
function of Sq (up to the multiplication of local units) near the singular point with the affine 
A-D-E diagram property, i.e., if f is a local analytic function of Sq near o so that its divisor 
div(7r*/) in Sq is described by the affine diagram corresponding to G, then f = uF for some unit 
u as local functions of the analytic germ {Sg,o). (For the D^- cases, the scalar c in the definition 
of F is uniquely determined by the given f). 

In this article, the study will be discussed in the domain of orbifold geometry. It is known that the 
groups G of type D or E all have minus-identity in the center subgroup. By first blowing up 
at the origin, the construction of the minimal resolution of Sq can be reduced to that of A-type 
groups, where explicit coordinate systems are available by techniques in toric geometry. Using 
the explicit forms of invariants X, Y,.Z, one can carry out the necessary calculations related to 
the divisors involved in the above two theorems, then make the connection with the affine A-D-E 
diagram to achieve the results. 

The paper is organized as follows. In Section 2, we briefly discuss the explicit forms of A-D-E 
Kleinian groups and the expressions of invariants X,Y,Z in Table 1, which our later calculations 
in the proof of Theorem 1 and 2 will base on. The verification of Theorem 1 will be given in the 
next two sections. Section 3 deals with the A-D type groups G, where the explicit coordinates 
in toric geometry for the minimal resolution of related ^-type groups are used, and some extract 
consideration of a certain Z2-symmetry is needed in the derivation. In Section 4, we consider the 
E'-type groups G in Theorem 1 by using the orbifold of Sai quotiented by G (= G/A\) to study the 
structure of S'c then the conclusion will follow from calculations of A- type group action around 
three elements in the exceptional curve of 5^1. In Section 5, we provide the proof of Theorem 
1. Based on the explicit forms of local G-invariant functions near the singular point o, all local 
functions in Sq with the affine A-D-E diagram property in Theorem 2 can be related to the function 
F in Theorem 1 in a precise manner through various refine models associated to Sq- Finally we 
give some concluding remarks in Section 6. 

Convention. To present our work, we prepare some notations. In this paper, Z, C will denote 
the ring of integers, complex numbers respectively, P^= the complex projective line, and i = \/— 1. 
For a positive integer iV, we denote by Zjv the quotient ring Z/iVZ. 
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2 Invariants of Kleinian Singularities 

For the need of computations later used in this paper, we shall fix a C^-representation for each 
group G in Table 1, and denote the coordinates of by {Zi,Z2). For simplicity, the group G will 
be denoted again by the corresponding symbol, A,D, E if no confusion could arise. 

27ri 

Denote lun := e n ^ and define the following matrices in SU2: 



UlN 





for N>2 , 



and 



1 
-1 



1^ 



8' 



UJi 



V2 V <^8^ ^8 



We have the relations: rcrjv = ^n^t^ 
subgroup G of SL2(C) can be represented by the following forms: 



= 



-1, /ur = —a4Tfx and /X(T4 = r~^/x. The finite 



.^4.y — 


((Tr+l) , -Dr = {<^2r- 


-4,r) , E& = {(Ji,T, 11) , E'J 


= (0-8 


,T,n) , Es = {aio,K) 


(see, e.g. 


, [13] ). The invariants X,Y,Z in Table 1 are given 


by 




^, : 


X — Z1Z2, 


Y = Zl+^, 


Z = 


yr+l . 


Dr : 


X = zfz^, 


Y = \{Zr-' + Zf-% 


Z = 


2^1^21,^1 -^2 J 


£^6 : 


X = feiZi, Z2), 


Y = ^Js{Z„Z2), 


z = 


^/l2(Zl,Z2); 


Er: 


X = -^fsiZi, Z2), 


y = -6/6(Zi,Z2)2, 


z = 


iy/2U{Zi,Z2)h2{ZuZ2 


Eg '■ 


X = -^1728Fi2(Zi, 


Z2), Y = j^F2o{Zi, Z2), 


z = 


^Det(Jacobi(Fi2, F20)) 


where fj,FkS are polynomials 


in Zi , Z2 (see [6] or [8] ) given by 





/6(Zi, Z2) = Z^Z2{Z\ - /8(^i, Z2) = + 14^4^1 + Z|, 

fi2{Zi, Z2) = — 33Z1Z2 — 33ZfZ2 + .^2^, 

Fi2(Zi, Z2) = ZiZ2{Zl^ + \\Z\Zl - Zf), F2o(^i, Z2) = Det(Hess(Fi2)). 



(3) 



(4) 



For a group G in (3), it induces a subgroup G in PSL2(C) with |G| = \G\/2 except G = A2k, in 
which case |G| = \G\. The projective automorphism group G acts on with the ratios [Zi, Z2] as 
the homogenous coordinates. The G-quoticnt of gives rise to a morphism of P^, 



(^:pi ^pi (=pVG) , [Zi,Z2] ^ [ipiiZi,Z2),MZi,Z2)] , 



(5) 



where ipi,ip2 are two homogenous polynomials of degree For £'-type groups, it is known that 

(pi,(p2 can be represented by the following invariants, and the map (5) has three critical values, 
vi,V2, Voo- All critical points over a critical value vj have the same branched index, denoted by bj, 
equal to the order of their isotropic subgroups in G: 







Critical Value : ui,U2;'yoo 


Branched index : 61 , 62 , 5oo 


Eq 


[z,x-] 


[i,l], [-1,1], [1,0] 


3, 3, 2 


E7 


[Y^X^] 


[0,1], [1,1], [1,0] 


4, 2, 3 


Es 


[Y^X^] 


[0,1], [-1,1] ,[1,0] 


3, 2, 5 



(6) 
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3 The AfRne Diagram of Type A or D 

In this section, we are going to show Theorem 1 for groups G of type A or D. 

For G = Ar, one can use techniques in toric varieties [4] or the continued fraction method [9] to 
obtain the minimal resolution Sq- Indeed, So has an open cover consisting of open affine charts, 
Uk {0 < k < r), where Uk is isomorphic to with the affine coordinates {u^, Vk) expressed by the 
monomials of Zj's : 

i^fe ~ C2 9 (ufe, Vk) = {Zl+^Z^''+^, Z^''Zl+^-^) for < A; < r . (7) 

Denote by 6^ the element in Sq with the coordinate Uk = Vk = 0. The exceptional divisor in Sq 
is given by ^1 + • • • + where ij is the rational (— 2)-curve joining oj-i and oj with the defining 
equations: vj-i = uj = 0. Inside So and Sg, the algebraic torus C*^/G is considered as the same 
Zariski-open set via the morphism (2). As a toric variety, the complement of C*^/G in Sq consists 
of r + 2 irreducible toric divisors, co + Y7j=i £j + Cr+i- Here cq, cv+i are the affine curve C defined by 
uq = and Vr = respectively, corresponding to the proper transform of {Zi = 0}/G for i = 1,2. 
The structure of Sq can be depicted in the following picture: 




Toric structure of C^/A^. 

By (7), one has 

Z1Z2 = UkVk , Zl+^ = ul-'^+^vl-'' , Z;+^ = 4vl+^ for < < r . (8) 
Then using the expressions in (4) for Ar, we have the following divisor-description in SAr- 
div(7r*X) = Co + Ej=i + Cr+i , 

div(7r*F) = (r + l)co + Ej'=i(r + 1 - div(7r*Z) = E,'=i jij + {r + l)c.+i . ^''> 

Then Tr*X gives rise to a regular function of 5^^) whose divisor is represented by the diagram A^ 
with corresponding cq + Cr+i, which is the proper transform of {X = 0) in SAr- Hence we obtain 
Theorem 1 for G = Aj.. 

For G = Dr {r > 4), we denote h = 2r — 5, and H = the group A^- By (3), H is an index 2 
normal subgroup of G, and one has the naturally induced morphism of orbifolds: Sh — > Sq- The 
element r in G defines the linear automorphism of sending (^1,^2) to := {—Z2,Zi), 

hence it induces an order 2 automorphism of Sh, by which one has the volume-form preserving 
automorphism of Sh- The minimal resolution Sq of Sq can be identified with the minimal 
resolution of Sh/t^- For the affine charts Uk {0 < k < h) of Sh in (7), r^' interchanges Uk and 
Uh-k with the following coordinate-expression: 

Uk 3 {uk,Vk) 1-^ {ul,vl) = {-Vf{-Vh-k,Uh-k) , where {uh-k,Vh-k) e Uh-k - 
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Therefore, the fixed-point set of in Sh consists of two elements, denoted by ai,a2- Indeed by 
A; = r — 3 in the above relations, is described by 

The elements 0:1,02 are defined by the equations: Vr-3 = 0, u^_3 = (—1)''. This implies that both 
«i G and acts locally as Ai near ccj in Sh- Let Sh be the blow-up of Sh centered at 

{01,02}, and 61,62 the corresponding exceptional (-l)-curves in Sh- The automorphism of Sh 
can be lifted to an involution r of Sh with ei U 62 as the fixed locus. Then the quotient space Sh/t 
is a smooth surface which can be identified with the resolution space Sq of Sq, 

p: Sh —^SG = SH/f. (10) 

The exceptional divisors in Sq are the p-image of Cj's and ^j's, described as follows: 

Ci := p{ei) {i = 1, 2) , dj := = p{i2r-4-j) (1 < i < r - 3) , dr-2 ■= p{ir-2) ■ 

Note that for a function f oi Sq, one can determine the structure of div(7r*/) in Sq by examining 
that of div((7rp)*/) in Sh through the (degree 2) morphism p in (10). Since interchanges Uk and 
Ufi-ki the expressions of the function / on the first half of open charts in Sh, Uj for < j < r — 3, 
will explicitly display the structure of div(7r*/) in Sq- By (8) for Af^, one can express the following 
functions of Sq in the coordinates {uj,Vj) of Uj for < j < r — 3, 



2Y (= Z^+' + Z^^) = u^j^^uf v'/-°-'' + 1) , X {= ZiZi) = u'jv 
Hence for c G C \ {0}, one has 



r voiulvo + ^ul'-'vl'-'' + f ) for j = 



X + cY 



u^viiui + luf-'^vf-^ + 1) forj = l; (11) 

u]v]il + luf-^-%f-'-' + ivf^v^-') for 2 < j < r - 3. 



In the case r = 4, (hence h = 3), the elements 01,02 in Sh are given by {ui,vi) = (±1,0). By 
(11) one has 

X + cY = vo{ulvo + ^UqVq + |) = ^uivj{ul + -ui + 1) . 

When c 7^ ±1, the zeros of the function uf + |ni + 1 consist of two disjoint C-curves, denoted 
by Qi,Q2- Note that ^1,^2 are disjoint with the elements 01,02, and are permuted under r. 
Therefore foTF = X + cY{cE: C \ {0, ±1}), the divisor of F in Sh near (7rp)^^(0) is given by 
div((7rp)*F) = £1 -I- £3 -I- 2^2 + 2 (61-1-62) + ^1 + ^2- Hence in Sq near the exceptional set, one obtains 

div(7r*F) = 2d2 + di + ei + 62 + ^ , (12) 

with the D4-configuration, where g = p{gi) = p{g2), the C-curve corresponding to © of the 
diagram. 

For r > 5, F = X+cY with c 7^ 0. Denote by ^the curve in Sh defined by ui + ^uf'~^vf'~^+^ = 
in the coordinates (ni,fi) oiUi. As both ^ and r^^(^) are disjoint with and 01,02 G ^r-2) 

g and T'^{g) can also be regarded as two affine curves in Sh, denoted by gi, g2 respectively. By 
(11), the divisor of the function F in Sh near (7rp)~^(0) is expressed by div((7rp)*F) = li + 
£h + '^J2'jZ2 + 2(ei -I- 62) -I- §^1 -I- ^2- Therefore in Sq near the exceptional set, one obtains the 
-Dr-configuration: 

r-2 

div(7r*F) = di + 2^dj + 6i + 62 + ^, (13) 

J=2 
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where q = p{qi) = p{g2), the open affine curve corresponding to © of the diagram. It is easy to 
see that the affine curve g in Sd^ is the proper transfer of (F = 0) in Sd^. for r > 4. This completes 
the proof of Theorem 1 for D-type groups G. 

Remark. In the above proof of Theorem 1 for G=Dr, the open curve g, corresponding to © of 
the affine Z)^-diagram, intersects (normally) only d2 among all the exceptional (-2)-P^ divisors of 

Sq- Note that the invariant function F depends on a parameter c in this case. The choice of c 
corresponds to the intersecting point ^i-(i2 in d2\[J{ei,e2, dj {j > 2)} in the one-one correspondence 
manner. □ 

4 The AfRne Diagram of Type E 

In this section, we will show Theorem 1 for G = Eq,Et,Es, where the function F is defined by 

F = X. 

Note that Ai is the central subgroup of G. The blow-up of at the origin, C^, has the 
(-l)-P^ exceptional curve with the ratios [Zi, Z2] as its homogenous coordinates. The ^i-action on 

induces a Z2-action of with the exceptional curve as its branched locus. The Z2-quotient 
of is a smooth surface which can be identified with the minimal resolution of Sai, denoted by 
M (:= Sai) in this section. We denote the (-2)-exceptional curve in M by e, which is isomorphic 

to the exceptional curve in C^, hence one may again use [Zi, Z2] as the homogenous coordinates of 
e. The action of G (= G/Ai) on Sai induces a G-action on M preserving the global holomorphic 
volume-form. Then we have the following morphism induced from Sai to its G-quotient, 

^:M = Sa, ^Sg{= SaJG) . (14) 

The minimal resolution M/G of M/G is isomorphic to Sq^ and wc shall make the identification, 

Sq = M/G, for the rest of this section. We are going to determine the structure of div(7r*X) in 
Sg by examining the divisor div(^>*X) in M under the G-action. 

The exceptional curve e of M is G-stable, and it contains all the G-fixed points of M: = e^. 
With [Zi,Z2] as the coordinates of e, the quotient map from e to e/G can be represented by 
the morphism cp in (5) with the property (6), and wc shall make this identification hereafter 
for simplicity of notations. Hence consists of all critical points of the morphism (p, M*^ = 
Uj=i,2,oo y'^l^j)- Furthermore for each p G (p~^{vj), the isotropic subgroup Gp at p is an order bj 
cyclic subgroup of G with the A{,^_i-action near p in M, where bj is the branched index in (6). By 
(4), the linear factors (in the variables Z\,Z2) of the invariant polynomial X for each iiJ-type group 
are all distinct with the multiplicity one. The [Zi, Z2]-ratios of these linear factors are indeed 
all the elements of f~^{voo). For each q G (^"^(^oo), its corresponding linear form appeared in 
the factorization of X gives rise to an irreducible divisor in M, denoted by dg, which intersects e 
transversely. It is not hard to see that the divisor in M induced by the function X is given by 

div($*X) = me+ ^ dq , where m := ^^^^^^ . (15) 

For a G-fixed point p G ip~^{vj), there exists a local analytic coordinates (zi, 2:2) for a Gp-invariant 
neighborhood Up centered at p in M, such that e is locally defined by = and the local ^6^-1- 
action of Gp is generated by {z\,Z2) 1—^ {uji,.zi,u}'^^ Z2); furthermore for j = 00, the divisor dp is 
locally defined by Z2 = 0. In terms of {zi, Z2), the function ^*X near p G ip'~^{vj) has the following 
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local description: 

r w n — ^ 0- 

(16) 




Note that m = boo + 1; and m is divisible by bi and 62 by (6). 

We now consider the orbifold M/G. The singular set of M/G consists of three elements, corre- 
sponding to the critical values of G-quotient map of e (= P^) in (5), denoted again by vi,V2iV^. 
The local orbifold structure of M/G near Vj is isomorphic to Up/Gp for any p G ip~^{vj). Using 
the local coordinates (-21,-22) G of Up, one has the isomorphism of germs of analytic spaces: 

{M/G,vj) ~ {Up/GpM =(CV^,-i,[0]) , 

hence the structure of M/G over M/G is described by Sai,._i {j = 1, 2, 00) near the exceptional set. 
In order to determine the divisor of the function X in M/G, one needs only to consider the divisor- 
expression of X in the minimal resolution Up/Gp ( ~ SAf,._i locally) of Up/Gp, for p G tp~^{vj). 
With (^1,^2) = {z\,Z2) in (8) for r = bj, one has the divisor-description of the following local 
functions: 

div(%0 = hje{p) + T,k=ii^j - ^%,k for all j , 
div(-2i^;2) = e(p) + d{p) + Y^Zi^ ip,k for j = 00 , 

where Ip^kS are the (-2)-P^ exceptional curves, and e{p),d{p) are the open curves in Up/Gp cor- 
responding to the proper transfer of e/Gp, dp/Gp respectively. By (16), the function in Up/Gp 
induced by X has the following divisor-expression: 

div(X) = 



^<p) + ElUi^ - T^^P^k for j = 1, 2, 



[ me{p) + d{p) + J2lZi ^("T- - k)£p^k for j = 00 . 

Note that the function of AI induced by X, i.e. ^*X, is G-invariant, so is div{^* X). Furthermore, 
the local resolution spaces Up/Gp for p £ ip~^{vj) are all identified in M/G for each j. Therefore 
for 1 < /c < bj — 1, all the curves £p^k ( P £ ¥'~^(^j)) are the same (-2)-P-'^ exceptional curve in 
M/G, denoted by lvj,k- In M/G, we consider the curves, e = the proper transfer oie/G (c M/G), 
and d = the proper transfer of div(X) (c So)- Then e is a (-2)-P^ curve and d is an affine curve 
in M/G. Through the G-structure of M, the curves e{p),d{p) in Up/Gp are open subsets of e,d 
respectively. By the local results on the structure of Up/Gp, the exceptional divisors of M/G (= Sq) 
over Sg is given by e + J2j=i,2.oo J^k=i ^'Vj,k with the corresponding E'-type configuration, and the 
divisor of 'k*F in M/G ioi F = X is expressed by 

div(7r*F) = me + d+ ^ (m - k)i^^^k + E E ("^ " T-)^^^.it " (1'^) 

fc=l i=l k=l 

By which, one obtains the affine i?-diagram property of div(7r*X) for each case, where d corresponds 
to © of the diagram, which is the proper transform of {X = 0) in Sq- This completes the proof of 
Theorem 1 for groups G of type E. 
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5 The Uniqueness of Local Invariants with the AfRne A-D-E Di- 
agram Property 



Now we are going to provide a proof of Theorem 2. For convenience of the discussion, throughout 
this section a local function of So always means a function near the singular point o, and the divisor 
of a function in some variety over Sq always denote its divisor near the exceptional set over o. The 
function F defined in Theorem 1 is now considered as a local function of Sq, and / will be a local 
function with the afiine A-D-E diagram property in Theorem 2. 

For G = Ar (r > 2), the divisor of F in Sq is given by (9) ioi F = X, 

r 

div(7r*F) = co + ^ij + Cr+i . 

j=i 

By the Aj.-diagram property of /, the divisor of / in Sq is expressed by 

div(7rV) = c() + ^£,+c;+i , (18) 

where Cq, c'^_^_i are two disjoint open affine curves in Sq near the exceptional set, which interest only 
ii,ir respectively among all ij^s. Note that ii ^ ij- by r > 2, and no relation exists between two 
normal-crossing-point sets, {cq-£i, c^_|_i -^r-} and {cq-Ii, Cr+i-ir}, at this moment. By the relation of 
invariants, X^'^^ = YZ, one can express the local function / in the form, / = /?iX"i-|-/?2i^"^-|-/?3.Z^"^ 
for some positive integers nj and local functions l3j in So such that f3k is either zero or a local 
unit for k = 2,3. If both P2 and P3 are units, by (9) the support of div(7r*/) is contained in the 
exceptional set Uj=i^j) * contradiction to the description of div(7r*/) in (18). Replacing Uj=i 
by Co U \Jj=i ij or Cr+i U Uj=i -^j in the previous argument, one can also rule out the cases when 
exact one of P2, f^s is a unit. Hence = f^z = 0, then by (9), one has n\ = 1 and /3i= a unit. The 
result for G = A^. follows immediately. 

For G = Dj., the divisor of F in Sq is given by (12) or (13), where g corresponds to © of the 
affine -D^-diagram. Let g' be the irreducible component in div(7r*/) corresponding to © of the affine 
diagram. Then g' intersects only one (-2)-P^ curve, d2, in the exceptional set, and we denote the 
intersecting point d2 ■ g' by p. By the remark in Section 3, there is a unique complex number c as 
the scalar in the definition of F such that g ■ d2 is equal to the element p. As both div(7r*F) and 
div(7r*/) are represented by the same affine diagram configuration, and g, g' intersect ^2 normally 
at the same point p, the support of the divisor div(7r*(//F)) is disjoint with the exceptional set 
7r~^(o). This implies that f /F gives rise to a unit u of Sq-, hence follows the result. 

For an E'-typc group G, we shall identify Sq with the minimal resolution M/G of M/G via 
the map $ in (14) as in Section 4. The divisor of F in Sq is given by (17), where d denotes the 
curve corresponding to © of the affine diagram corresponding to G. And the divisor of / in Sq is 
expressed by 

f*— 1 2 h,-i 

div(7r*/) = me + d' + ^ (m - k)l^^^k + XI XI ("^ ~ T~)^%.fe ' 

k=l j=i k=i i 

where d' corresponds to © of the affine diagram. Both d and d! are open curves meeting (trans- 
versely) only with (^v^o^b^-^ among all irreducible exceptional curves in Sq- Consider the divisor of 
f in M via the morphism (14). By the structure of div(7r*/) and div(7r*F), the construction of the 
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resolution space M/G enables one to conclude the following parallel version of (15) for the divisor 
of / in M, 

div($7) = me+ 4 ' 

where d'^ is an open curve meeting e transversely at q for all q G ¥'~^(uoo)- Note that the blow-up 
of ( with the coordinates (Zi, Z2)) is the double cover of M with the branched locus e, of which 
the ratios [Zi,Z2] serve as the homogenous coordinates. The set ip~^{v^) consists of the ratios 
associated to all linear factors of the invariant polynomial F (= X). Hence as local G-invariant 
functions of near the origin, f /F is a local G-invariant unit. Then follows the result of Theorem 
2. 

6 Concluding Remarks 

In this work, wc have provided a quantitatively geometrical interpretation of branching indices at- 
tached to an afline A-D-E Coxeter-Dynkin diagram by the divisor theory in the minimal resolution 
Sg of a Kleinian orbifold Sg- Our approach has been based on the orbifold aspect of Kleinian 
singularities by exploring the explicit form of G-invariant polynomials for the associated orbifold 
Sg, instead of working on its defining equation (which is a consequence of the invariants' form), 
an algebraic geometry method commonly practiced in the study of some general surface singu- 
larities. By examining the expressions of G-invariants associated to Sg-, a particular function F 
naturally arises in the context so that its divisor in Sg reveals the full data of the corresponding 
afhne diagram, including the branching indices and ©. This can be viewed as an affine quanti- 
tative version of elliptic fibration near certain types of simple singular fibers in Kodaira's elliptic 
surface theory. We have obtained two main results. Theorem 1 and 2, stated in Section 1. The 
justification of Theorem 1 was explained in Section 3 and 4, by using the explicit form of invariant 
functions and techniques in toric geometry applying to resolution problems of orbifolds. Along the 
same path practiced in the previous sections, and appending some extract efforts to analyze the 
divisors of functions involved, we proved Theorem 2 in Section 5 to conclude the uniqueness nature 
of the function F naturally appeared in " geometrization" of affine A-D-E diagrams. Note that 
the geometry corresponding to © of the affine diagram plays a significant role on the uniqueness 
property of F in Theorem 2. Of course, one may make a direct check without much effort on the 
affine A-D-E diagram property of F by working on the defining equation of Sg through general 
techniques in surface theory. However, the symmetry nature of the orbifold Sg in connection with 
group representations would be lost in the process, which has been one of our motivations for this 
work. Furthermore, in the study of Gorenstein orbifolds C"/G for n > 3, the crepant resolution 
C"/G of C"/G , if it would exist, plays the role of the minimal resolution in Kleinian singularity 
theory. In particular when n = 3, the existence of C^/G has been known for any finite subgroups 

G in SL3(C) (see [12] and references therein). Moreover the quantitative structure of C^/G can 
be explicitly explored by methods in orbifold geometry, but the defining equation of C^/G is indif- 
ferent for the construction of C'^/G in most cases. Even though for finite groups G in SL3( C) the 
McKay-correspondence-like dual-pairing between conjugacy classes and irreducible representations 
in accord to certain combinatoric data (now 2-dimensional simplicial complexes instead of graphs) 
has not yet been found, one could still pursuit the appropriate simplicial complex model through 

the structure of C^/G. By our initial success on the affine A-D-E geometrical natTirc of Kleinian 
singularities, it is pertinent to ask the "affine" -version of the simplicial complex (with integers at- 
tached to vertices) through the crepant resolution of a Gorenstein orbifold, then search the relevant 
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interpretation of group representations in the domain of orbifold geometry. A program along this 
hne is now under consideration. 
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